ON THE SPECTRAL ASYMPTOTICS 
OF OPERATORS ON MANIFOLDS WITH ENDS 



SANDRO CORIASCO AND LIDIA MANICCIA 



Abstract. We deal with the asymptotic behaviour for A — > +00 of the counting 
function Np(A) of certain positive selfadjoint operators P with double order (m, /.(), 
m, fi > 0, m t f/, defined on a manifold with ends M. The structure of this class 
of noncompact manifolds allows to make use of calculi of pseudodifferential op- 
erators and Fourier Integral Operators associated with weighted symbols globally 
defined on R" . By means of these tools, we improve known results concerning the 
remainder terms of the Weyl Formulae for Np(A) and show how their behaviour 
depends on the ratio ~ and the dimension of M. 



1. Introduction 

The aim of this paper is to study the asymptotic behaviour, for A — » +00 , of the 
counting function 

JVp(A) = £ 1 

A,<A 

where Ai < A2 < ■ • ■ is the sequence of the eigenvalues, repeated according to their 
multiplicities, of a positive order, selfadjoint, classical, elliptic SG-pseudodifferential 
operator P on a manifold with ends. Explicitly, SG-pseudodifferential operators 
P = p(x, D) = Op (p) on R" can be defined via the usual left-quantization 

P "W = 7T^ f e**p(*,£)a(4)d£, " e S W)> 

(271)" J 

starting from symbols p{x, £) 6 C°°(R" X R") with the property that, for arbitrary 
multiindices a, f>, there exist constants C a a > such that the estimates 

(1.1) |Df Tf xV {x, < C a[ m n ^ a \xY-^ 

hold for fixed m,/x 6 R and all e R" x R", where (y) = ^1 + |y| 2 , y 6 R". 
Symbols of this type belong to the class denoted by S'"' f ' (R"), and the corresponding 
operators constitute the class L m 'f'(R") = Op (S m,f '(R")). In the sequel we will 
sometimes write S m,f ' and L m,f ', respectively, fixing once and for all the dimension 
of the (non-compact) base manifold to n. 

These classes of operators, introduced on R" by H.O. Cordes [ ] and C. Par- 
ent! [30], see also R. Melrose [26], M.A. Shubin [33], form a graded algebra, i.e., 
U' p o W'l 1 C L, r+m ' p+ P. The remainder elements are operators with symbols in 

S- 0o '-° o (R") = p| S m '''(R") = <S(R 2 "), that is, those having kernel in <S(R 2 "), con- 

(m,fi)eR 2 

tinuously mapping 5'(R") to 5(R"). An operator P = Op (p) e V"+ l and its symbol 
p e S m,tl are called SG-elliptic if there exists R > such that p{x, E) is invertible for 
\x\ + \E\>R and 

V {x,iy l = 0{{E,)- m {x)-% 
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In such case we will usually write P e EL"'^ 1 . Operators in L m 'f act continuously 
from vS(R") to itself, and extend as continuous operators from »S'(R") to itself 
and from H s '°(R n ) to H s - m ' ff ^'(R"), where H s ' a (W), s,aeR, denotes the weighted 
Sobolev space 

H S -' J (R") = {u e S'(R«): \\u\\ S/0 = ||Op (n s , a ) u\\ e < «>}, 
n Sta (x,Z) = {® s {x) a . 

Continuous inclusions H S '°(R") e -» H'' p (R") hold when s > r and a > t, compact 
when both inequalities are strict, and 

5(R")= f) H s ' a (R"), S(R n )= {J H s '°(R n ). 

(s,a)€R 2 (s,o)eR 2 

An elliptic SG-operator P e L'"''' admits a parametrix E e L~ m '~f such that 

PE = I + K lt EP = I + K z , 

for suitable K lt K 2 € L~ K> ~ tx ' = Op (S -00 " 00 ), and it turns out to be a Fredholm 
operator. In 1988, E. Schrohe [31] introduced a class of non-compact manifolds, the 
so-called SG-manifolds, on which it is possible to transfer from R" the whole SG- 
calculus. In short, these are manifolds which admit a finite atlas whose changes of 
coordinates behave like symbols of order (0, 1) (see [31] for details and additional 
technical hypotheses). The manifolds with cylindrical ends are a special case of 
SG-manifolds, on which also the concept of SG-classical operator makes sense: 
moreover, the principal symbol of a SG-classical operator P on a manifold with 
cylindrical ends M, in this case a triple cr(P) = (o l p(P),a e (P),o l p e {P)) = (Pip,p e ,p$e), 
has an invariant meaning on M, see Y. Egorov and B.-W. Schulze [13], L. Maniccia 
and P. Panarese [24], R. Melrose [ ] and Section 2 below. We indicate the subspaces 
of classical symbols and operators adding the subscript c i to the notation introduced 
above. 

The literature concerning the study of the eigenvalue asymptotics of elliptic 
operators is vast, and covers a number of different situations and operator classes, 
see, e.g., the monograph by V.J. Ivrii [22]. Then, we only mention a few of the 
many existing papers and books on this deeply investigated subject, which are 
related to the case we consider here, either by the type of symbols and underlying 
spaces, or by the techniques which are used: we refer the reader to the correspond- 
ing reference lists for more complete informations. On compact manifolds, well 
known results were proved by L. Hormander [19] and V. Guillemin [15], see also 
the book by H. Kumano-go [23]. On the other hand, for operators globally defined 
on R", see P. Boggiatto, E. Buzano, L. Rodino [2], B. Helffer [ 1 6], L. Hormander 
[20], A. Mohammed [27], F. Nicola [28], M. A. Shubin [33]. Many other situations 
have been considered, see the cited book by V.J. Ivrii. On manifolds with ends, 
T. Christiansen and M. Zworski [ ] studied the Laplace-Beltrami operator associ- 
ated with a scattering metric, while L. Maniccia and P. Panarese [24] applied the 
heat kernel method to study operators similar to those considered here. 

Here we deal with the case of manifolds with ends for P e EL™' f '(M), positive 
and selfadjoint, such that m, [i > 0, m + \i, focusing on the (invariant) meaning of 
the constants appearing in the corresponding Weyl formulae and on achieving a 
better estimate of the remainder term. Note that the situation we consider here 
is different from that of the Laplace-Beltrami operator investigated in [5], where 
continuous spectrum is present as well: in fact, in view of Theorem 3.2, spec(P) 
consists only of a sequence of real isolated eigenvalues {Aj} with finite multiplicity. 

As recalled above, a first result concerning the asymptotic behaviour of Np(A) 
for operators including those considered in this paper was proved in [24], giving, 
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for A — > +oo, 

(CiA»+o(A») for m < p 

ClA ™ log A + o(A™ log A) for m = /i 

C2A'' + o(A»' ) for m > /j. 

Note that the constants C\, C2, Cj above depend only on the principal symbol 
of P, which implies that they have an invariant meaning on the manifold M, see 
Sections 2 and 3 below. On the other hand, in view of the technique used there, 

n n 

the remainder terms appeared in the form o(A min K"i ) and o{A~> log A) for m + p and 
m = p, respectively. An improvement in this direction for operators on R" had 
been achieved by F. Nicola [28], who, in the case m = p proved that 

N P (A) = CjA- log A + 0(A»), A -> +°o, 

while, for m + p, showed that the remainder term has the form 0(A mta ' | " , 'f | ~ t ) for 
a suitable e > 0. A further improvement of these results in the case m = p has 
recently appeared in U. Battisti and S. Coriasco [ ], where it has been shown that, 
for a suitable £ > 0, 

N P (A) = CjA™ log A + C 2 A»< + 0(A™" f ), A -> +00. 

Even the constant Cg has an invariant meaning on M, and both Cj and Cq are 
explicitly computed in terms of trace operators defined on I/"' m (M). 

In this paper the remainder estimates in the case m + \i are further improved. 

1 

More precisely, we first consider the power Q = P«shS of P (see L. Maniccia, E. 
Schrohe, J. Seiler [25] for the properties of powers of SG-classical operators). Then, 
by studying the asymptotic behaviour in A of the trace of the operator ^>a{-Q), 
i/'a(0 = V(0 e ~' fA / e C(j°(]R), defined via a Spectral Theorem and approximated in 
terms of Fourier Integral Operators, we prove the following 

Theorem 1.1. Let Mbe a manifold with ends of dimension n and let P 6 EL"J' f '(M) be a 
positive self adjoint operator such that m, u > 0, m + p, with domain H m,f '(M) L 2 (M). 
Then, the following Weyl formulae hold for A —> +00: 



(1.2) N P (A) = 



CiA™ +0(A") + 0(A~"")=CiA™ +0(A™- £1 ) form < p 
C 2 A^ + O(As) + 0{A ! t r ")=C 2 A ! i + 0(A?" £2 ) form > p. 



where £\ = min •{—,«(—-—][ and £2 = min I — , n\ — - — 



p \m pi) ym \p m 

The order of the remainder is then determined by the ratio of m and p and the 
dimension of M, since 

n 1 n , p i 
< — for ?« < u <=> 1 < — < 1 + -, 

m p p m n 

(1-3) J h 1 
n 1 n r m „ 1 
< — for > u « 1 < — < 1 + -. 

/./ 77i m p n 

In particular, when ^j'"'^'! > 2, the remainder is always 0(A max| '"'' 11 ). 

Examples include operators of Schrodinger type on M, that is P = — A ? + V, Ag 
the Laplace-Beltrami operator in M associated with a suitable metric g, V a smooth 
potential that, in the local coordinates x 6 c R" on the cylindrical end growths 
as {xY , with an appropriate p > related to g. Such examples will be discussed in 
detail, together with the sharpness of the results in Theorem 1.1, in the forthcoming 
paper [4], see also [3]. 
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The key point in the proof of Theorem 1.1 is the study of the asymptotic be- 
haviour for A — » +00 of integrals of the form 

1(A) = J e i( - a+ ^ x ®- xi) ip(t)a(t;x,£)dtSE,dx 

where a and <p satisfy certain growth conditions in x and £ (see Section 3 for more 
details). The integrals 1(A) represent in fact the local expressions of the trace of 
ipA(-Q), obtained through the so-called "geometric optic method", specialised to 
the SG situation, see e.g. S. Coriasco [7, 8], S. Coriasco and L. Rodino [11]. To treat 
the integrals 1(A) we proceed similarly to A. Grigis and J. Sjostrand [ I ], B. Helffer 
and D. Robert [ 1 7], see also H. Tamura [34]. 

The paper is organised as follows. Section 2 is devoted to recall the definition 
of SG-classical operators on a manifold with ends M. In Section 3 we show that 
the asymptotic behaviour of Np(A), A — » +00, for a positive self-adjoint operator 
P e L"j'''(M), m, p. > 0, is related to the asymptotic behaviour of oscillatory integrals 
of the form 1(A). In Section 4 we conclude the proof of Theorem 1.1, investigating 
the behaviour of 1(A) for A — » +00. Finally, some technical details are collected in 
the Appendix. 
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2. SG-CLASSICAL OPERATORS ON MANIFOLDS WITH ENDS 

From now on, we will be concerned with the subclass of SG-operators given by 
those elements P 6 L m ' f '(R"), (m, y) e 1R 2 , which are SG-classical, that is, P = Op (p) 
with p e S™' f '(]R") c S m, ''(R"). We begin recalling the basic definitions and results 
(see, e.g., [13, 25] for additional details and proofs). 

Definition 2.1. i) A symbol p(x,E,) belongs to the class S"j^(R") if there exist 

p m -i r (x,E,) e J^ m_! (R"), i = 0, 1, . . ., positively homogeneous functions of order 
m - i with respect to the variable smooth with respect to the variable x, such 
that, for a 0-excision function co, 

N-l 

p(x, £) - £ a>(£) p„,_,,.(x, I) 6 S m - N '''(]R"), N = 1,2,...; 

ii) A symbol p(x, £,) belongs to the class S™'^ (R") if there exist p.^-k(x, £) e Jif/ (R n ), 
k = 0, . . . , positively homogeneous functions of order p. - k with respect to the 
variable x, smooth with respect to the variable such that, for a 0-excision function 

O), 

N-l 

p(x, E) - <o(x) p,,,_,(x, Q e S'"'''- N (R"), N = 1, 2, . . . 

k=0 

Definition 2.2. A symbol p(x,£,) is SG-classical, and we write p e S™£ ^(M. 11 ) = 
S c 7(R") = S7,if 
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i) there exist p m _ ;/ (x, E.) e J^" 1 J (R") such that, for a 0-excision function w, 
co(Qp m -i,.(x,Z) e S^(W) and 

N-l 

p(x, £) - £ co(E) p m - h .(x, £) e S"'- N -''(]R"), N = 1,2,...; 
— u— k 

ii) there exist p. it ,-k(x, E) e ^ (R") such that, for a 0-excision function oj, 
co(x) p., tl -k(x, £) e (R n ) and 

N-l 

p(x, £) - £ £u(x) P,,,-/c 6 S'"^'- N (]R"), Af = 1,2,... 

fc=0 

W e sefL^ {) (]R") = L7 = Op(s7). 

Remark 2.3. TTze definition could be extended in a natural way from operators acting 
between scalars to operators acting between (distributional sections of) vector bundles: one 
should then use matrix-valued symbols whose entries satisfy the estimates (1.1). 

Note that the definition of SG-classical symbol implies a condition of compatibility 
for the terms of the expansions with respect to x and E,. In fact, defining and 

0% ' on S"j^ and S"^, respectively, as 

ff™" 7 (P)( x ' I) = Pm-j,(x, £), j = 0,1,..., 
o^~'(p)(x, E) = p. 4 ,-i(x, E), i = 0, 1, . . ., 
it possibile to prove that 

Pm-w-i = o™~ h '~\p) = <7*~vr'(p)) = ^rv™ _/ (p)), 

; = 0,1,..., £ = 0,1,... 

Moreover, the composition of two SG-classical operators is still classical. For P = 
Op(p) e L"j''' the triple o(P) = (a f (P),a e (P),a 4 , e (P)) = (p m/ , p. tjl , p m , M ) = (p^,p e ,p^ e ) 
is called the principal symbol of P. The three components are also called the ip-, e- and 
i/^e-principal symbol, respectively This definition keeps the usual multiplicative 
behaviour, that is, for any R e L T *, S e Iff, (r, p), (s, o) e R 2 , a(RS) = o(S) a(T), with 
componentwise product in the right-hand side. We also set 

Sym p (P) (x, E) = Sym p (p) (x, E) = 

= Pm(x, E,) = co(E,)pip(x, E.) + co(x){p e (x, E) - a){E)p^ e {x, E)), 

for a fixed 0-excision function co. Theorem 2.4 below allows to express the ellipticity 
of SG-classical operators in terms of their principal symbol: 

Theorem 2.4. An operator P e L™' fl is elliptic if and only if each element of the triple o(P) 
is non-vanishing on its domain of definition. 

As a consequence, denoting by {Ay} the sequence of eigenvalues of P, ordered such 
that <k => Ay < Ajt, with each eigenvalue repeated accordingly to its multiplicity 

the counting function Np(A) = ^ 1 is well-defined for a SG-classical elliptic self- 

\j<A 

adjoint operator P, see, e.g., [1, 3, 4, 28]. We now introduce the class of noncompact 
manifolds with which we will deal: 

Definition 2.5. A manifold with a cylindrical end is a triple (M, X, [f]), where M = 
j# lie ^ is a n-dimensional smooth manifold and 
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i) j$ is a smooth manifold, given by — (Mo \ D) U C with a n-dimensional 
smooth corn-pact manifold without boundary Mo, D a closed disc of Mo and C c D 
a collar neighbourhood ofdD in Mo; 

ii) ^ is a smooth manifold with boundary d c € = X, with X diffeomorphic to 3D; 
hi) / : [6/,oo) x S"" 1 -> <g , b f > 0, is a dijfeomorphism, f ({6 f ) x S"" 1 ) = X and 

/({[<5/,<5/ + £/)} X S"" 1 ), ef > 0, is diffeomorphic to C; 

iv) the symbol lie means that we are gluing .J( and ', through the identification of 
C and f({[b f , 6 f + £/)} x S"" 1 ); 

v) the symbol [/] represents an equivalence class in the set of functions 

{g : [b g , oo) x S" _1 — > ^ : g is a diffeomorphism, 
g({6 y } X S" -1 ) = Xand 

g([<5 g , bg + e s ) x S" _1 ), Eg > 0, zs diffeomorphic to Q 
where f ~ g if and only if there exists a diffeomorphism e Diff(S" _1 ) such that 

(2.1) (g _1 °/)(p,y) = (p,©(y)) 

/or all p > maxjd^, 6 ? } and y e S" _1 . 

We use the following notation: 

• U 6f = {xeW: \x\>b f Y, 

• c t?? T = /([z, oo) x S"" 1 ), where x > bf. The equivalence condition (2.1) implies 
that ^ is well defined; 

• 7i : K" \ {0} — > (0, oo) x S"" 1 : x ^ n(x) = (\x\, ^-); 

\x\ 

• f n = f o 7i : Ug — > ( € is a parametrisation of the end. Let us notice that, 
setting F = g~ l o /„, the equivalence condition (2.1) implies 

(2.2) F(x) = \x\ 

\x\ 

We also denote the restriction of /„ mapping U5, onto ^ = ^ \ X by f n . 
The couple C^ 5 ,/^ 1 ) is called the exit chart. If #t = {(Q,,^;)}^ is such that the 
subset {(Q„ i/'Ol^j 1 is a finite atlas for and (Q N/ \p N ) = (f£,f~ x ), then M, with the 
atlas si , is a SG-manifold (see [3 ]): an atlas si of such kind is called admissible. 
From now on, we restrict the choice of atlases on M to the class of admissible ones. 
We introduce the following spaces, endowed with their natural topologies: 

^(U & ) = \ue C°°(U 6 ) : Va, jS e N" Vfl' > 6 sup \x a df j u(x)\ < oo I , 

y (U 6 ) = pi {« e J^(M„) : supp m c 177}, 

J^(M) = {m e C°°(M) : u o f n e .y(U 6f ) for any exit map f n ], 
.y"(M) denotes the dual space of J^(M). 

Definition 2.6. The set S m,tl (Us f ) consists of all the symbols a 6 C°°(U.6 f ) which fulfill 
(1.1) for (x, £) 6 x R" only. Moreover, the symbol a belongs to the subset SG c y(Us f ) 
if it admits expansions in asymptotic sums of homogeneous symbols with respect to x and 
E, as in Definitions 2.1 and 2.2, where the remainders are now given by SG-symbols of the 
required order on U(, r 

Note that, since LZg, is conical, the definition of homogeneous and classical symbol 
on Lfg / makes sense. Moreover, the elements of the asymptotic expansions of the 
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classical symbols can be extended by homogeneity to smooth functions on R" \ {0}, 
which will be denoted by the same symbols. It is a fact that, given an admissible 
atlas {(□,, on M, there exists a partition of unity {(?,} and a set of smooth 

functions \Xi] which are compatible with the SG-structure of M, that is: 

• supp di c Q„ supp Xi c CM, Xi 61 = Si, i = l,...,N; 

• \d a (6 N o f n )(x)\ < C a (xy w and \d a ( XN ° f n )(x)\ < C a (x)~ M for allx e U 5f . 

Moreover, 6n and Xn can be chosen so that 6n fn and Xn ° fn are homogeneous 
of degree on We denote by u* the composition of u: i/>,-(Q;) c R" — > C with 
the coordinate patches i/'„ and by v* the composition of v: Q; c M — > C with 
1^7 , z = 1, . . . , N. It is now possible to give the definition of SG-pseudodifferential 
operator on M: 

Definition 2.7. Let M be a manifold with a cylindrical end. A linear operator P : 
,y(M) — > ,y'(M) is a SG-pseudodifferential operator of order (m, p) on M, and we write 
P e L'"'^(M), if for any admissible atlas {(O,-, ^i)}^ on M with exit chart (Qn, i/'n)-' 

1) for all i = 1, . . . ,N - 1 and any di, Xi £ CJ?°(Q ; ), there exist symbols p'(x, e 
S m (ipi(Cli)) such that 

(X l PQ l u*),(x)= ff ' e^-y^p\x,E,)u(y)dydx, «en#,)); 

2) for any 6^, Xn of the type described above, there exists a symbol p N (x, E) e 
SG"'^(U 6f ) such that 

(XNPe N u*Ux) = jje^-y^p N (x,^u(y)dydx, u e y (U 6f ); 

3) Kp, the Schwartz kernel ofP, is such that 

K P e C°°((M x M) \ A) p| x <£) \ w) 

where A is the diagonal of M x M and W = (f n x / n )(V) with any conical 
neighbourhood V of the diagonal ofU& f x Us f . 

The most important local symbol of P is p N . Our definition of SG-classical operator 
on M differs slightly from the one in [24]: 

Definition 2.8. Let P e L'"'^(M). P is a SG-classical operator on M, and we write 
P e L"|'''(M), ifp N (x, e S™' f '(!i,5 f ) and f/ze operator P, restricted to the manifold Ji ' , is 
classical in the usual sense. 

The usual homogeneous principal symbol p^ of a SG-classical operator P e L™'''(M) 
is of course well-defined as a smooth function on T*M. In order to give an invariant 
definition of the principal symbols homogeneous in x of an operator P e L"|'''(M), 
the subbundle T* X M = \{x, E) e TM: x e X, £ e T*M| was introduced. The notions 
of ellipticity can be extended to operators on M as well: 

Definition 2.9. Lef P e L™' f '(M) and Zef us/ix an exit map f n . We can define local objects 

Pm-j^i-i/ P-,[i—i 

p, fl _,(0, £) = p^_,(0, «£), e S"" 1 , ^R". 

Definition 2.10. An operator P e L™' f '(M) is elliptic, and we write P e EL™' f '(M), z/ f/ze 
principal part ofp N e S m ^{U& f ) satisfies the SG-ellipticity conditions on U{, f x R" and the 
operator P, restricted to the manifold Jt ', is elliptic in the usual sense. 
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Proposition 2.11. The properties P e L m ^'(M) and P e L"j' f '(M), as well as the notion of 
SG-ellipticity, do not depend on the (admissible) atlas on M. Moreover, the local functions 
p e and p^e give rise to invariantly defined elements of C°°(T X M) and C°°(T* X M \ 0), 
respectively. 

Then, with any P 6 L™' f '(M), it is associated an invariantly defined principal symbol 
in three components o(P) = (p^,p e ,p^e)- Finally, through local symbols given by 
ni{x, E) = (0 s , j = 1, ■ • • , N - 1, and n N (x, £) = (£) s (x) a , s, o e K, we get a SG-elliptic 
operator FI SilT e L*j 7 (M) and introduce the (invariantly defined) weighted Sobolev 
spaces H s ' a (M) as 

H s ' a (M) = {u e ,9"(M): n s , y u 6 L 2 (M)}. 
The properties of the spaces H s,a (W) extend to H s,a (M) without any change, as 
well as the continuity of the linear mappings P: H S -°(M) — > H s ~ m,a ~^(M) induced 
by P e L'"'f'(M), mentioned in Section 1. 

3. Spectral asymptotics for SG-classical elliptic self-adjoint operators 

on manifolds with ends 

In this section we illustrate the procedure to prove Theorem 1.1, similarly to [14], 
[16], [34]. The result will follow from the Trace formula (3.6), (3.7), the asymptotic 
behaviour (3.8) and the Tauberian Theorem 3.6. The remaining technical points, 
in particular the proof of the asymptotic behaviour of the integrals appearing in 
(3.7), are described in Section 4 and in the Appendix. 

Let the operator P e EE™''' (M) be considered as an unbounded operator P: S(M) c 
H 0,0 (M) = L 2 (M) — » L 2 (M). The following Proposition can be proved by reducing 
to the local situation and using continuity and ellipticity of P, its parametrix and 
the density of S(M) in the H s ' a (M) spaces, 

Proposition 3.1. Every P e EL™' f '(M), considered as an unbounded operator P: S(M) c 
L 2 (M) — > L 2 (M), admits a unique closed extension, still denoted by P, whose domain is 
£)(P) = H m -''(M). 

From now on, when we write P 6 £L™' f '(M) we always mean its unique closed 
extension, defined in Proposition 3.1. As standard, we denote by q(P) the resolvent 
set of P, i.e., the set of all A e C such that AI - P maps H m, ''(M) bijectively onto 
L 2 (M). The spectrum of P is then spec(P) = C \ g(P). The next Theorem was proved 
in [24]. 

Theorem 3.2. (Spectral Theorem) Let P e EL™'''(M) be regarded as a closed unbounded 
operator on L 2 (M) with dense domain H'"' f '(M). Assume also that m,p>0 and P* = P. 
Then: 

i) (AI — P)" 1 z's a compact operator on L 2 (M) for every A e q(P). More precisely, 
(AI — P) -1 is an extension by continuity from S(M) or a restriction from S'(M) of 
an operator in EL c "'' ''(M). 

ii) spec(P) consists of a sequence of real isolated eigenvalues {Aj} with finite multi- 
plicity, clustering at infinity; the orthonormal system of eigenfunctions {ej\j>\ is 
complete in L 2 (M) = H°'°(M). Moreover, e y e S(M)for all j. 

Given a positive self adjoint operator P e El/"'''(M), m, p > 0, p + m, we can 
assume, without loss of generality 1 , 1 < A\ < A-i . . . Define the counting function 
N P (A), A e I, as 

(3.1) N P (A) = Yi 1 = # ( s P ec ( p ) n (-°°> A D- 

Aj<A 



Considering, if necessary, P + c in place of P, with c e R a suitably large constant. 
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Clearly, Np is non-decreasing, continuous from the right and supported in [0, +00). 

If we set Q = Pi, I = maxjwz, fi] (see [ 25] for the definition of the powers of P), Q 

111 

turns out to be a SG-classical elliptic selfadjoint operator with a(Q) = (pl,p] 

1 

We denote by {r\j} the sequence of eigenvalues of Q, which satisfy rjj = A'- : we can 

then, as above, consider Nq(t]). It is a fact that Nq(tj) = 0(r]T), see [24]. 

From now on we focus on the case f.i > m > 0: the case m > /./ > can be treated 
in a completely similar way, exchanging the role of x and So we can start from 
a closed positive selfadjoint operator Q e EL"j ,:L (M) with domain D(Q) = H m ' l (M), 
m e (0, 1). For u e H m - l {M), t e R, we set 

00 

(3.2) U{t)u = Y j e' h nu,ej)v m e j , 

;'=i 

and the series converges in the L 2 (M) norm (cfr., e.g., [14]). Clearly, for all f e R, 
U(t) is a unitary operator such that 

11(0) = I, U(t + s)= U(t) U(s), t , s 6 R. 

Moreover, if u e H km ' k (M) for some k e N, U(t)u e C k (U,H°-°(M))n. . .nC°(]R,H fa "< ,c (M)) 
and, for u e H" a (M) 7 we have D t U(t)u - QU(t)u = 0, U(0)u = u, which implies that 
v(t, x) - U(t) u(x) is a solution of the Cauchy problem 

(3.3) (D t - Q)v = 0, v\ t=0 = u. 

Let us fix ip e iS(R). We can then define the operator ip(— Q) either by using the 
formula 

OO 

7=1 

or by means of the vector- valued integral ip(t) U(t)dtj u = ^ i/»(f) U(t) u dt, u £ 

00 

H°'°(M). Indeed, there exists N e N such that ^ 77"^° < 00, so the definition 

makes sense and gives an operator in £,(L 2 (M)) with norm bounded by ||i/'Hli(r)- 
The following Lemma, whose proof can be found in the Appendix, is an analog on 
M of Proposition 1.10.11 in [16]: 

Lemma 3.3. ip(—Q) is an operator with kernel K^(x, y) = ^ \p{—r\j)ej(x)ej(y) e S(M x 
M). 

Clearly, we then have 

(3.4) I K f (x,x)dx=Txp(-ti j ). 

Jm j 

By the analysis in [7, 8], [10], [11] (see also [9]), the above Cauchy Problem 
(3.3) can be solved modulo S(M) by means of a smooth family of operators V(t), 
defined for t e (— T, T), T > suitably small, in the sense that (D t - Q) o V is a 
family of smoothing operators and V(0) is the identity on S'(M). More explicitly, 
the following theorem holds 2 : 



2 See the Appendix for some details concerning the extension to the manifold M of the results on R" 
proved in [7, 8], [10], [11]. 
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Theorem 3.4. Define V(t)u = ^ XkAk{t)(6 k u), where 6 k and Xk are as in Definition 2.7, 

k=l 

with Xk Qk = &k, k - 1/ ■ • ■ / N, while the A k (t) are SG FIOs which, in the local coordinate 
open set U k = ip k (Q k ) and with v e »S(]R"), are given by 



(A k (t)v)(x) = j a k (t; x, £) v{E) ft. 



Each A k (t) solves a local Cauchy Problem 3 (D f - Q k ) o A k e C°°((-T, T), L~°°~°°(K")), 
A k (0) = I, with Q k = op (qk) and \q k ] c SG™' 1 (]R") Zoca/ (complete) symbol ofQ associated 
with {6 k \, \xk}, with phase and amplitude functions such that 

d t <p k (t; x, £) - q k (x, d x cp k (t; x, £)) = 0, cp k (0; x, £) = xl, 

a k e C™((-T,T),SG°f(R n )),ak(0;x,Z) = 1. 
Then, V(t) satisfies 

(D t - Q) o V e C°°((-T, T), L-°°>-°°(M)), V(0) = I, 
andU-Ve C°°((-T, T), L" t ""°°(M)). 

Remark 3.5. Notation like b e C°°((-r, T), S r ' p (IR")), B e C°°((-T, T),L'<P(M)), and 
similar, in Theorem 3.4 and in the sequel, also mean that the seminorms of the involved 
elements in the corresponding spaces (induced, in the mentioned cases, by (1.1)), are 
uniformly bounded with respect to t e (— T, T). 

If we write i/> A (f) = i/>(f)e~ ,fA in place of 4>(t), for a chosen ip e C™((-T,T)), the 
trace formula (3.4) becomes 

(3.6) I (x, x)dx=Y\ »KA ~ ']/)• 

Jm ' 

Let us denote the kernel of U - V by r(t; x, y) e C°°((-T, T), S(M x M)). Then, the 
distribution kernel of J e~' a ip(t) U(t) dt = ^a(-Q) is 

K„, A (x,y) = £**(*) mS- a ^ i ^-^a k {t}x f E,)dtftB k {y) 

k=l J J 



jjf(t) r{t;x,y)dt, 



where the local coordinates in the right hand side depend on k and, to simplify the 
notation, we have omitted the corresponding coordinate maps. By the choices of 
ip, 6 k and Xk we obtain 



(3.7) £ ?(A - I7y) = £ f f f #) e*- >A+ <P^-^a k (t; x, £) d k (x) dt ft dx 
j k=\ J J ^ 

N 

+ 0(\A\-°°). 



- f ;;/■ 

k=l u u u 



^Trivially, for ;' = 1, . . . , N — 1, q k and a k can be considered SG-classical, since, in those cases, they 
actually have order -co with respect to x, by the fact that q k (x, £) vanishes for x outside a compact set. 
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Let ip e C™((-T,r)), T > 0, be such that i/>(0) = 1 and xp > 0, i/;(0) > (e.g., set 
4* ~ X * X with a suitable ;f £ C^°((— T, T))). By the analysis of the asymptotic 
behaviour of the integrals appearing in (3.7), described in Section 4, we finally 
obtain 



(3.8) i/>(A - r/y) = 



-do A™ -1 + 0(A"*- 1 ) for A -> +c 
0(|A|-°°) for A -> -c 



with «* = min jn, lj. The following Tauberian Theorem is a slight modifica- 
tion of Theorem 4.2.5 of [16] (see the Appendix): 

Theorem 3.6. Assume that 

i) i/> e C£°(R) is an even function satisfying ip(0) = 1, t/> > 0, ip(0) > 0; 

ii) Nq(A) is a nondecr easing function, supported in [0, +oo), continuous from the 
right, with polynomial growth at infinity and isolated discontinuity points of first 
kind {r\j}, ) e N, such that r/y — » +oo; 

iii) there exists do>0 such that 



-d A™" 1 + 0(A"*" 1 ) for A -> +co 
m 



0(\A\-°°) for A 



with m e (0, 1), n* = min { n, 1 }. 

m 



Then 



N Q (A) = ^A* + 0(A"*), /or A -> +co. 



Remark 3.7. The above statement can be modified as follows: with Nq and m as in 
Theorem 3.6, when 



^(A - T])dN Q (tj) = 



^d A-- 1 + 0(A™" 2 ) + 0(A"" 1 ) /or A -> +c 



0(|A|-°°) /or A -> -oo, 

wftfc m 6 (0, 1), tfze« JVq(A) = ^A » + 0(A™ _1 ) + 0(A"),jbr A -> +oo. 

4. Proof of Theorem 1.1 

In view of Theorem 3.6 and Remark 3.7, to complete the proof of Theorem 1.1 
we need to show that (3.8) holds. To this aim, as explained above, this Section will 
be devoted to studying the asymptotic behaviour for |A| — > +oo of 

(4.1) 1(A) = J e m '' x ^' A) \l>{t)a{t;x,E,)dtdE,dx, 

where ip e C™((-T, T)), ip(0) = 1, a e C°°((-T, T), S°<°(]R")), a(0;z, f) = 1, and 
*(t; x, £; A) = <p(f; x, £)-*£- t A, <p e C°°((-T, T), S^(1R")) 

such that 

• <?f<p(t; x, £) = q{x, d x cp(t; x, £)), <p(0; x, E) = xE,; 



C" 1 ^) < {d x (p{t;x, £,)) < C<£>, for a suitable constant C > 1; 



q 6 S m :\W), < m < 1, SG-elliptic. 
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Since q l (x, E) e 0((x) l (E) m ) for \x\ + |£| > R > 0, it is not restrictive to assume that 
this estimate holds 4 on the whole phase space, so that, for a certain constant A > 1, 

(4.2) A-\xXZF < q{x, £) < A(x){E) m . 

For two functions /, g, defined on a common subset X of R dl and depending on 
parameters y e Y c M. dl , we will write / < g or f(x, y) < g(x, y) to mean that there 
exists a suitable constant c > such that \f(x, y)\ < c\g(x,y)\ for all (x,y) eXxY. 
The notation / ~ g or f(x, y) ~ g{x, y) means that both f < g and g < f hold. 

Remark 4.1. The ellipticity ofq yields, for A < 0, 

dMt; x, f ; A) = q(x, d x cp(t; x, E))-A> (x){E) m + |A| 

which, by integration by parts, implies 1(A) = 0(|A| -00 ) when A — > -oo. 

From now on any asimptotic estimate is to be meant for A — » +oo. 

We will make use of a partition of unity on the phase space: the supports of 
its elements will depend on suitably large positive constants k\,k2 > 1. We also 
assume, as it is possible, A > Ao, again with an appropriate Ao >> 1- As we will see 
below, the values of k\, ft:2 and Ao depend only on q and its associated seminorms. 

Proposition 4.2. Let H\ be any function in C^R) such that suppHi c [(2fci) _1 ,2fci], 
< Hi < 1 and H\ = 1 on [fc" 1 ,^], where k\ > 1 is a suitably chosen, large positive 
constant. Then 

(4.3) 1(A) = 0(A~") + J e l ^ t;x ^ A) 4>(t) Hi( {X){ ^"' ) a(t; x, E) dtd^dx. 
Proof. Write 



(4.4) 



1(A) = J e'^ A ^(t) [l - Hi(^^) 



a(t; x, E) dtd^dx 



and observe that, by A-\x){£) m < q(x, E) < A(x)(O m , x,E,£ R", we find 

\dMt;x,^,A)\ > | + f| - AcJ <x)(5) m when < /c" 1 , 



IW;^;A)I>^W(9" 



A when - ^-p- > k\. 

A 



Thus, if fci > 2AC we have |<9,0(f;x,^; A)| ~ A + <x)<^) m on the support of 1 - 
Hj I — - — I, and the assertion follows integrating by parts with respect to t in the 
first integral of (4.4). □ 

Remark 4.3. We actually choose k\ > AAC > 2AC, since this will be needed in the proof 
of Proposition 4.7 below, see also subsection A. 3 in the Appendix. 



This amounts, at most, to modifying q by adding and substracting a compactly supported symbol, 
that is, an element of S _00 ' _00 (]R"). The corresponding solutions (p and a of the eikonal and transport 
equations, respectively, would then change, at most, by an element of C°°((—T, T), S _0 °' _IX> (R")), see 
[8, 10, 11]: it is immediate, by integration by parts with respect to t, that an integral as (4.1) is 0([A| _CO ) 
for a e C°°((-T, T), S _0 °'~ IX '(R")). Then, the modified q obviously keeps the same sign everywhere. 
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Let us now pick H 2 6 C~(R) such that < H 2 (v) < 1, H 2 (v) = 1 for |t>| < fc 2 and 
H 2 (v) = for |y| > 2fc 2 , where A; 2 > 1 is a constant which we will choose big enough 
(see below). We can then write 

1(A) = 0(A-°°) + J e m ' x ' ( ' A) 4>(t) Hi{ ^j^ j HM\) a(t; x, E) dtfedx 

= 0(A- 00 ) + 7 1 (A) + I 2 (A). 

In what follows, we will sistematically use the notation S' ,p = S r ' p (y,i]), y e 
R , rj e R', to generally denote functions depending smoothly on y and 1] and 
satisfying SG-type estimates of order r, p in y, rj. In a similar fashion, S~ p = 
C°°((— T, T), S r ' p (y, )])) will stand for some function of the same kind which, addition- 
ally, depends smoothly on t 6 (-T, T), and, for all s e Z+, D^C O0 ((-T,T),S r 'P(y / Ty)) 
satisfies SG-type estimates of order r, p in y, rj, uniformly with respect to t e (-T, T). 

To estimate Ii(A), we will apply the Stationary Phase Theorem. We begin 
by rewriting the integral h(A), using the fact that cp is solution of the eikonal 
equation associated with q and that q is a classical SG-symbol. Note that then 
d]q> 6 C°°((-T, T), S^" W (R»)) c C°°((-T, T), S™{\W)), since 

<^<p(i; x, E) = Y^(d 6i q)(x, d x (p(t; x, E)) d Xi (cj(x, d x (p(t; x, £))). 

1=1 

In view of the Taylor expansion of cp at t = 0, recalling the property ^(x, £) = 
co(x)q e (x, E) + S m,0 (x, E), co a fixed 0-excision function, we have, for some < b\ < 1, 

f 

0(t; x, E; A) = -Af - x£ + <p(0; x, £) + t d t <p(0; x,E)+ — c%<p(t5r, x, E) 
= -At + tq(x, E) + t 2 S 2 T m ~ u (x, E) 
= -At + tco{x)q e {x, E) + tS" h0 (x, E) + fS^'^ix, E) 
= -At + tco{x)q e {x, E) + tS m -°(x, E) + t 2 ta(*)Sg~ 1 ' 1 (* / E) + t 2 Sf _1 '°(x, E), 

where the subscript e denotes the x-homogeneous (exit) principal parts of the 
involved symbols, which are all SG-classical and real-valued, see [10]. 

Observe that |x| ~ A on the support of the integrand in 1\{A), so that we can, in 
fact, assume 5 co(x) = 1 there. Indeed, 

|£|<l,<x><£> m ~A^<x>~A, 

which of course implies (x) ~ |x|, provided Ao < A is large enough. Moreover, by 
the ellipticity of q, writing x = \x\g, c, e S" -1 , with the constant A > 1 of (4.2), 

A-\x)(O m < qix,E) = co(x)q e (x,E) + S" l - (x,E) < A(x)(E) m 

=> A-^{E.y < co(x)q e {<;, E) + < A^ar 

\x\ \x\ \x\ 

(4.5) => A- l {E) m < q e {Q, E) < A{E) m , g e S"" 1 , E, e R" 



5 By definition, co e C™(R"), co(v) = for \v\ < B, w(v) = 1 for \v\ > IB, for a constant B > 0. 
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taking the limit for \x\ — > +00. Then, setting x = A£c, C e [0, +°°), 5 e S" -1 , 
A > Ao » 1/ in ii(A), by homogeneity and the above remarks, we can write 

3>(f; A£c, 4; A) = -At + to(ACc)? e (ACc, 5) + tS" ! '°(ACc, 5) 

+ (MAfc)S*r w (A&,£) + ^Sf-^CACc,^) 

= -At + AC^fo £) + A^S^fe, + fS ffl '°(ACc, + f 2 Sf ^'"(ACc, 



A[-f + ct 9e (c, I) + C^Sf"- 1 - 1 ^, 5)] + Gi(A; t, C; c, -£) 



= AF 1 (t,C;e,£) + Gi(A;t,£;c,£), 

and find, in view of the compactness of the support of the integrand (see the proof 
of Proposition 4.4 below) and the hypotheses, 

h(A) = A" j e iAFl < f ' £ *'«e^^ 

= 7^1 f e UFl(X ' Y) Ui(X,Y;A)dXdY, 

(271)" J 

with X = (f, 0, Y = (c, £). We can now prove 

Proposition 4.4. Choosing the constants k\, Ao > 1 large enough and T > suitably 
small, we have, for any k 2 > 1 and for a certain sequence Cj, j = 0,1,..., 

+ 00 

Ii(A) ~ j^c/A"" 1 -'", 
tot zs, Ii(A) = c A"" 1 + 0(A"" 2 ), wz'ffc 



j_ r r H 2 m 



C ° (2 

Proof. It is easy to see that, on the support of U\, the phase function Fi(X, Y) 
admits a unique, nondegenerate, stationary point Xo = Xo(Y) = (0,q e (g, i.e. 
F[ X (X (Y), Y) = for all Y such that (X, Y) e supp U a , provided T > is chosen 
suitably small (see, e.g., [14], p. 136), and the Hessian det(F" x (Xo(Y), Y)) equals 
—qJyC,, E,) 2 < 0. Moreover, the amplitude function 

Ut(X, Y; A) = ip(t) H 1 ( <AQ A (0 '" j H Z {\E\) a(t; ACc, £) C' _1 ^Ac4) 
is compactly supported with respect to the variables X and Y, and satisfies, for all 

y e Z*, 

D^iJi(X,Y;A) < 1 

for all X, Y, A > A . In fact: 

(1) il> 6 ^((-1, D), c e S"" 1 , supp[H 2 (|£|)] £ {£: |£| < 2* 2 ), and 



\4fc2<2/c 2 > 2 

where A > 2k l {2k 2 ) m ; 
(2) all the factors appearing in the expression of Hi are uniformly bounded, 
together with all their X-derivatives, for X e Sx = suppi/» x [Co/CiL Y e 
S Y = S"" 1 x {£: |5I < 2k 2 ], and A > A . 



ON THE SPECTRAL ASYMPTOTICS OF OPERATORS ON MANIFOLDS WITH ENDS 



15 



Of course, (2) trivially holds for the cutoff functions \p(t) and Hz(\<i\), and for the 

-0,0 

A > Ao > 1, 



factor C"" 1 . Since a{t;x,£) e Sf{x,E), on S x x Sy we have, for all y e and 



D\a{t;KQ,Z,) < <AQ->' 2 A'' 2 <£>'" < < ^ < 1- 



Moreover, since d e S™'°(x,5) is actually in S~°°'°(x,<S) c S°f°(x,£,) on S x x Sy, 
the same holds for exp(z'Gi), by an application of the Faa di Bruno formula for 
the derivatives of compositions of functions, so also this factor fulfills the desired 
estimates. Finally, another straightforward computation shows that, for all y 2 e Z+ 
and A > Ao > 1, 



on Sx X Sy. The Proposition is then a consequence of the Stationary Phase Theorem 
(see [12], Proposition 1.2.4, [21 ], Theorem 7.7.6), applied to the integral with respect 

A" 

to X = (f, Q. In particular, the leading term is given by — ^ times the integral 
with respect to Y of A _1 | det(F" x (X (Y), Y))\~i Ui(X (Y), Y; A), that is 6 

A"" 1 f f 1 ,, n v„f <ftfe>gH H 2 (|^|) / Aq \ 



+ 0(A"" 2 ) 



* <?e(S,4) 



0(A"" 2 ). 



<M£ + 0(A"" 2 ) 




a"- 1 r r H 2 m , , 

(2n)»-i J R Js- ? e (c,0" C 4 
Indeed, having chosen k\ > 2A, Ao > 2fci(2fc 2 ) m , (4.5) implies 

uniformly for c e S" _1 , £, e supp[H 2 (|£|)], A > Ao- This concludes the proof, q 

Let us now consider I 2 (A). We follow a procedure close to that used in the proof 
of Theorem 7.7.6 of [21]. However, since here we lack the compactness of the 
support of the amplitude with respect to x, we need explicit estimates to show that 
all the involved integrals are convergent, so we give below the argument in full 
detail. 

We initially proceed as in the analysis of h(A) above. In view of the presence 
of the factor 1 - H 2 (|^|) in the integrand, we can now assume |£| > fc 2 > maxjB, 1}, 
B > the radius of the smallest ball in R" including supp (1 - co), so that q(x, £) = 
cu(£)<fy(*, 9 + S'"- 1 ' 1 ^, £) = q 4 ,(x, £) + S"'- U (x, £). Then, with some < <5 2 < 1, 

0(f; x, £; A) = -At - x£, + <p(0; x, £) + t d t (p(0; x, £) + — ■ d 2 (p{tbr, x, £) 

= -At + tq(x, £) + t 2 Sf l ~ u (x, £) 

= -At + tq f (x, £) + tS m - l -\x, £) + t 2 Sf- l '\x, £). 



b Remember that i/>(0) = I, a(0; x, Q = 1 for all x, £ e R" . 
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Setting £ = (AQ»£, C £ [0, +°°), c e S"~\ A > Ao, we can rewrite /2(A) as 
v ; m (2tt)« J 

■ ip(t) a(t; x, (AQ" c) H x | (X>((A ^ - C> '" j [l - H 2 ((AQ * )] C™" 1 dtdC,dc;dx 

= 1^L [ e' AF ^ Y ^U 2 (X,Y;A)dXdY, 
m (2tz)» J v ' 

X = (t, Q, Y = (c, x), where we have set 

F Z (X, Y; A) = -f + ttq^x, c) + tA _1 S*- w (*/ (AC)- c) + ^A^Sf^x, (AQ»c) 

!i 2 (X, Y; A) = «/,(*) H 1 | < * )<(/ ^ ) "' C> "' j [1 _ h 2 ((AQ» )] (AQ^c) C*" 1 - 

On the support of ii 2 we have 

<X)((A P^ )m ~ 1 and (AQ* > 1 => ((AQ^r = ((AC)*)'" ~ AC, 
A 

so that 

(4.6) ~ 1 o C ~ <*> _1 and |x| < (x) < 2h(k 2 y m A = RA. 
A 

For any fixed Y e S" -1 X W we then have X belonging to a compact set, uniformly 
with respect to A > Ao, say supp xp x [c~ l {x)~ l , c(x) -1 ], for a suitable c > 1. 

Remark 4.5. Incidentally, we observe that a rough estimate of A»/ 2 (A) is 
e' AF2(x ' y;A) !I 2 (X, Y; A) dX < (x)~- +1 dC < <*>~™ 

=> A S J e ,AF2(x ' Y;A) !i 2 (X, Y; A) dXdY < A", A -> +00. 

An even less precise result would be the bound A», using the convergence of the integral 

n 

with respect to x in the whole W 1 , given by F n < 0. 

m 

The next Lemma is immediate, and we omit the proof: 

Lemma 4.6. S s /(x,(AQ*c) = S s j a (x,{AQ^) for any C 6 [0,+oc), x e R", c e S"" 1 , 
A > Aq, m e (0, 1), and, for all y 6 Z+, 

D^S s /(x,(AC)*) = C- ; ' 2 S^(x,(AC)*). 
The main result of this Section is 

Proposition 4.7. Jffci, fc 2 , Ao > 1 are chosen large enough we have 

(4.7) J 2 (A) = - d A-~ l + 0(A"" 1 ) + 0(A™" 2 ). 

m 

Explicitely, 

d = — — - — - j j — j- dgdx. 

(2tt)" 1 J R „ J s „-i fy(x,Q)« 



We will prove Proposition 4.7 through various intermediate steps. First of all, 
arguing as in the proof of (4.5), exchanging the role of x and we note that, for all 

x e W, q e S"-\ 

(4.8) A- 1 (x)<q f (x,Q)<A(x), 
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(x, g) 6 R" x S" _i . We now study 

F' fXY-At-/ ^(MA) 
^ 2 ,x^ 5 c f 2 (x,Y;A) 



-1 + + \- l S m - l '\x, (AQ-) + fA^Sf - u (x, (AC)™) 
[ f(^(x, C ) + ?cK- l S m - l > l {x, (AQ-) + fA^Sf ~ u (x, (AC)™)) J 



X = (t,Q e S x = suppi/^ x [c- x {xy l ,c{xY\ Y = fci) 6 S Y = S"" 1 x R», A > A , 
where we have used Lemma 4.6. By the symbolic calculus, remembering that 
AC >k™>l on supp U 2 , we can rewrite the expressions above as 

d t F 2 (X, Y; A) = -1 + 1 + C(AQ- 1 S ffl - 1 ' 1 (x,(AC)™) + ^(AQ^Sf^^x, (AQ™ ) 
Co 

= -1 + £ + C[(AC)™]-" , S ffl - 1 - 1 (x / (AC)^) + fC[(AC)^]- m S 2 T '"- 1 ' 1 (x / (AC)^) 
Co 

= -i + 1 + ZS-^Xx, (AC)") + fCS^ w (x, (AC)-), 
Co 

5 £ F 2 (X,Y;A) = + S- u (x,(AC)^) + fS™~ u (x, (AC)™))- 

It is clear that C ~ <x> _1 implies CS" 1 ' 1 ^, (AQ™ ) = S _ ^(;c,(AQ£) and eS£~ w (;t/ = 
S%~ lfi (x, (AC)™), so that we finally have 

d t F 2 (X,Y;A) = -1 + £ + S- w (*,(AC)i) + tS™" 1,0 (x, (AC)™), 
Co 



d C F 2 (X, Y;A) = t(<fy(x,<;) + S" u (x, (AC)™) + fS™~ u (x, (AC)™)). 

We now prove that, modulo an 0(|A|~°°) term, we can consider an amplitude such 

that, on its support, the ration C/Co is very close to 1. To this aim, take H 3 e C^(]R) 

3 

such that < H 3 (v) < 1, H 3 (v) = 1 for \v\ < -e and H 3 (v) = for \v\ > 2e, with an 
arbitrarily fixed, small enough £ 6 ^0, — j, and set 

Vi(X, Y; A) = IZ 2 (X, Y; A) • fl - H 3 - l)] , V 2 (X, Y; A) = LI 2 (X, Y; A) • ff 3 (|- - l), 

/i(A) = J~ e ^WA)y i(X) y ;A)rfX(JY/ j 2 ( A) = J e aFl(x ' Y ' A) V 2 {X,Y;A)dXdY. 

Proposition 4.8. With the choices ofT, k\, Ao above, for any e e ^0, ^ j roe can find k 2 > 1 
large enough such that /i(A) = 0(A~°°). 

Proof. Since < m < 1, in view of (1.1), (4.6), and (4.8), we can choose k 2 > 1 so 
large that, for an arbitrarily fixed e e ^0, — j, for any A > Ao, C £ (0, +°°) satisfying 
141 = (AQ- > k 2 , 

ind t F 2 (X,Y;A), 

(4.9) and 



£ 

< -, 

~ 2 



fS^'WC)-) 



£ 

< -, 

~ 2' 



CoC^MAQ-) 



< k < 1, 



in<? c F 2 (X,Y;A), |S" u (x, (AC)™) + tS^'\x,{AQ^))\ < — (x), 
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uniformly with respect to (X, Y) 6 SxxSy 2 supp !I 2 (.;A). Then, F 2 is non-stationary 



on supp V\, since there we have 



Co 



> -£, while 
2 



S- 1 '°(x,(AQ-) + tS 



m-1,0/ 



< E, 



u (x,(AO = ) 

which implies <? f F 2 (X, Y;A) > 1. Observing that, on supp Vi, d t F 2 (X, Y; A) = 
S°'°(x,(AQ-), as well as Vi(X,Y;A) = S°/(x, (AC)™), the assertion follows by re- 
peated integrations by parts with respect to t, using the operator 

1 



U 



Ad t F 2 (X,Y;A) 
and recalling Remark 4.5. □ 



Proposition 4.9. Wz'f/j f/ze choices of e,T > 0, k\,k 2 ,Ao > 1 above, we can assume, 
modulo an 0(A" _1 ) ferm, f/zaf f/*ze integral with respect to x in /2(A) is extended to the set 
{xeW: (x) < xA\, with 

(4.10) x = (l-0[A(2/c 2 H- 1 . 

Proof. Indeed 7 , if x < k = 2k\(k 2 )~ m , we can split / 2 (A) into the sum 

(4.11) f f f e ,AF2 V 2 dXd<;tfa + f f f e' AF2 V 2 dXdedx. 

JxA<<x><*A JS"- 1 J J(x)<xA JS"- 1 J 

Observing that, on supp li 2 , 

<X> ~ A => (5)"' = ~ 1 => |«| < h, 

A (x) 

switching back to the original variables, the first integral in (4.11) can be treated as 
Ji(A), and gives, in view of Proposition 4.4, an 0(A" _1 ) term, as stated, q 

Now we can show that F 2 (X, Y;A) admits a unique, nondegenerate stationary 
point X* = X* (Y, A) belonging to supp V 2 for (x) < xA. Under the same hypotheses, 
Xp lies in a circular neighbourhood of Xo = (0, Co) = (0, (fy(x, c) 1 ) of arbitrarily small 
radius: 

Proposition 4.10. With e e (o,^j, T > 0, h,k 2 ,Ao > 1 fixed above, F' 2X (X,Y;A) 

vanishes on suppV 2 only for X = X*(Y;A) = (0,C (Y;A)), i.e., F' 2 X (X* (Y; A),Y; A) = 
for all Y such that (X, Y; A) e supp V 2 . Moreover, 

det(F'{ x (X' Q (Y;A),Y)) ~ (xf and |X*(Y; A) - X (Y)| = \Q(Y; A) - Co(Y)\ < ^(x)~ l 
holds on supp V 2 . 
Proof. We have to solve 



c 



+ j- + S-^ix, (AQ*) + tS™- l '\x, (AQ=) 
[0= t%(x,c) + S-W( X/ (AO=) + fS™- u (x, (AQ±)), 

(X, Y; A) e supp V 2 . By (4.8) and (4.9), with the choices of e, T > 0, h, k 2 , A Q above, 
the coefficient of t in the second equation does not vanish at any point of supp V 2 
Then t = 0, and C must satisfy 



(4.12) 



C 



1 + - + S- l '»(x, (AC) - ) = «* C = Co(l + S~^(*, (AC)™) = G(C; Y; A). 
Co 



7 The inequality x < it is true when is sufficiently large. 
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Since, by the choice of k 2 , \d(G(C,; Y; A)| < fcb < 1, uniformly with respect to Y e 
S"" 1 x {x 6 W : (x) < xA}, A > A , G has a unique fixed point C = Q(Y;A), 
smoothly depending on the parameters, see the Appendix for more details. Since 



^F 2 (X,Y;A) = S" , - 1 '°(x,(AQ»), 



(4.13) d t d c F 2 (X,Y;A) = ^(x,g)(l + CoC" 1 ^" 1 '"^, (AQ-) + fS™ _1 '°(x, (AQ» ))), 



<? 2 F 2 (X, Y;A) = K-\S-'-\x,{AQ->) + fS™ ' (x,(AQ™)), 

we can assume that AC, > k™ and the choices of the other parameters imply, on 
supp V 2 , 

<? 2 F 2 (X, Y; A) < |, <9 t <9 c F2(X, Y; A) ~ (x), d\F 2 {X, Y; A) < |<x> 2 . 

So we have proved that, on supp V 2 , 
(4.14) 

Mn M12 
M12 



M = f£ x (X* (Y;A),Y;A) = 



S'^°(x,(A^) 
Co 



l + ^S-W(x,(AQ)i) 

mi 



l + H S -W(x,(ACi)i) 



det(M) = -q 4 ,{x,Q) 2 



1 + 



Co 



-1,0 



(x,(A£S(Y;A))5) 



<x> 2 , ||M|| ~ <x>. 



C (V;A) 

By (1.1), (4.12), and C* = G(Q; Y; A), (X, Y) e S x x S Y 2 supp V 2 (.; A), we also find 

|X5(Y;A)-Xo(Y)| = |Q(Y;A)-Co(Y)l = ICoS- w (* # (ACJ(Y;A))=)| < — <x> -1 , 
uniformly with respect to A > Ao- The proof is complete, pj 

Remark 4.11. T/te c/toz'ce o/fc 2 depends only on the properties ofq and on the values ofk\ 
and £, that is: we first fix k\ > iAC > 2AC > 2 and e e ^0, ^ j, then T > sma/Z enough 

as explained at the beginning of the proof of Proposition 4.4, then k 2 > 1 as explained in 
the proofs of Propositions 4.8 and 4.10, then, finally, Aq > 2k\{2k 2 ) m . 



The next Lemma says that the presence in the amplitude of factors which vanish 
at X = Xp implies the gain of negative powers of A: 

Lemma 4.12. Assume a e Z 2 , \a\ > 0, 

W=W(X, Y; A) < V 2 (X, Y; A) f* 1 [w ai+ct2 (X, Y; A)(£ - C (Y; A)f^] 

(4.15) or 

W= W(X, Y; A) < V 2 (X, Y; A) f" 1+ " 2 [w« 2 (X ; Y; A)(? - C (Y; A))" 2 ] , 

W zs smooth, Wj;(X, Y; A) < (x) , e Z+, /ias a SG-behaviour as the factors appearing 
in the expression ofV 2 . Then 

(4.16) J e ,AF2(x ' Y;A) W(X,Y;A)dX = A" w J e ,AF2 < x < Y;A) W(X, Y;A)dX, 
wj/zere W fezs t/ie same SG-behaviour, support and x-order 8 ofV 2 . 



Including the powers of J. 
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Proof. By arguments similar to those used in the proof of Proposition 4.8, on supp W 

dcF 2 (X, Y; A) > (x)\t\, d t F 2 (X, Y; A) > (x)\C - Q (Y; A)|. 

Assume that the first condition in (4.15) holds. Under the hypotheses, if a\ > 0, 
we can first insert e iAF ^ x ' Y) ^ = l^ e aF ^ x ' Y ^ in the left hand side of (4.16), where 

D Q 

Lc - , and integrate by parts a\ times. Similarly, if a 2 > 0, we 

A arrziX, Y; A) 

subsequently use e ,AF AXY;A) _ L a 2 ^AF 2 (x,Y-A) f i t - ®' and integrate by 

A dtr2\X, i) A) 

parts a 2 times. The assertion then follows, remembering that C-derivatives of W 
produce either an additional Q~ l factor or a lowering of the exponent of L — Q, and 

that G Cg ~ on supp W. The proof in the case that the second condition in 
(4.15) holds is the same, using first Lq and then Lf. rn 

Proof of Proposition 4.7. Define, 

Q = Q(X, Y; A) = <M(X - X*(Y; A), (X - X* (Y; A)>, 
and, for s e [0, 1], 

T S {X, Y; A) = Q(X, Y; A) + s@{X, Y; A), 

Q{X, Y; A) = F 2 (X, Y; A) - G(X, Y; A). 

Remembering that F 2 (X*(Y), Y; A) = 0, F£ X (X*(Y), Y; A) = 0, Q is the Taylor poly- 
nomial of degree two of F 2 at X = Xq, so that Q vanishes of order 3 at X = X* Q . 
Obviously, T (X, Y; A) = Q(X, Y; A) and Ti(X, Y; A) = F 2 (X, Y; A). Write 



JF T ( S ) = J e ^^- x )v 2 {X,Y;x- l )dX, 



t 6 (0, Ap 1 ], and consider the Taylor expansion of Jr(s) of order 2Af - 1, TV > 1, so 
that 



2N-\ Mk) (m 



kl 

k=0 



- sup ^277)T 



0<s<l 



Since 



Remark 4.5 and Lemma 4.12 imply that \jf N \s)\ < A" w W"-,t€ {0,A^],s e [0,1]: 
indeed, it is easy to see, by direct computation, that Q can be bounded by linear 
combinations of expressions of the form 

t 3 , t 2 [Wi(X, Y; t)(C - C Q (Y; x))] , t [w 2 (X, Y; x)(C - C (Y; t)) 2 ] , 

t[w 3 (X,Y;A)(C-C (Y;T)) 3 ], 

with W/t, A: e Z+, having the required properties. Then, the bound of Q 1N will 
always contain a term of the type t 3N [w 3N (X, Y; A)(C - Q(Y; A)) 37V ], which corre- 
sponds to the (minimun) value \a\ = 3N in (4.15). 

Each term j\ (0), fc = 0, . . ., 2AA — 1, has the quadratic phase function Q, which 
of course also satisfies 

dcQ{X, Y; x" 1 ) > {x)\t\, d t Q(X, Y; x" 1 ) > <x>|C - C (Y; x" 1 )!. 

Then, denoting by T the Taylor expansion of Q at X* Q of order 3,^/, we observe that 
Qk _ can ^ e b ounc j ec j by polynomial expressions in X — X* of the kind appearing 
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in the right hand side of (4.15), with \a\ = N + k (cfr. the proof of Theorem 7.7.5 in 
[21]). Setting 



Lemma 4.12 implies 



,iAQ(X,Y;T- 



jf (0)-7? <A~ N {x) 



\iAT(X, Y; x'^fV^X, Y; t _1 ) dX, 



N I 



We now apply the Stationary Phase Method to T k and prove that 

(4.17) J- t (l)~ j^d^^A-H 

which is a consequence of 

7? ~ A" 1 det(M/2ra)^ £ l UUt^2, 

(4.18) „ ' 

Li, k ,Y A V 2 = 2^(2fA)-'<M- 1 D x , D x ) l [(iAT) k V z ](X' (Y; t" 1 ), Y; t" 1 )//! , 

i 

with M evaluated with t -1 in place of A. Recalling (4.14), it follows that the inverse 
matrix M -1 satisfies, on supp V 2 , 

J-^ 

M12 

1 Mu 
M12 M* 2 J 

in view of the ellipticity of the involved symbols. Then, the operators Lj^xir 
j,k e Z+, do not increase the x-order of the resulting function with respect to that 
of their arguments, (iAT) k V2, which is the same of V 2 , uniformly with respect to t. 
The proof of (4.18) then follows by Theorem 7.6.1, the proof of Lemma 7.7.3 and 
formula (7.6.7) in [21], see also [17, 18]. Indeed, by the mentioned results, 

J k T - A- 1 det(M/2ni)-i £ L aXT V 2 



M _1 = 



M\ 2 



l<k+N 



j\ - A" 1 det(M/27iz')"5 £ L lkXT V 2 



l<k+N+l 



+ A 1 det(M/2nO h k+N+UXr V 2 



< A-^ixy 1 IH4<M- 1 Dx / D x >^ +3 [^V 2 ](X / Y;t- 1 )|| l2(]R|) 

l/5|<2 

+ A- N - 2 (x)- l \L k+N+ux ,V 2 {Xl{Y; t" 1 ), Y; t" 1 )! 

Jc-Hx)- 1 



< A- H - 3 {xT x 



+ A~ N - 2 (x) 



< A- u - 3 (x)-^- + \-"-*{x) 



N-2, 



< A 



-N-l- 



! {x) •% A -> +00, 



J* 

since (x) < A on supp V2. It is then enough to sum all the expansions of -pp, 

k = 0, . . . , 2AA - 1, and sort the terms by decreasing exponents of A (as in the proof 
of Theorem 7.7.5 in [21]) to obtain (4.17) with the usual expression 

dj{Y;x) = det(M/(27n'))-i £ £ i~^2~ k (M~ l Dx, Dx) k [(iT) l V 2 ](X* (Y; t -1 ), Y; t -1 ), 

k-l=j2k>3l 
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so that, in particular, 

5J(Y;t) 

for any j e Z+, t e (0, A^ 1 ]. We can then integrate J7r(l) an d its asymptotic 
expansions with respect to Ye §" _1 X {x e R" : (x) < xA} and find 

ha)= r r j- A -.(i)dY~y a- 1 -* r r sj^a-vx a^+™. 

J(x)<kA J$"- 1 j J(x)<xA JS"- 1 

Let us now focus on the leading coefficient, given by 9 

f d {Y;A- l )dY = \ \ det(M/(2ra'))"^ V 2 {X* (Y;A),Y;A)dY 

r r ((x)((AQ(Q,x;A))h m ) i / 

= 2tz Hi — ^ '—— H 2 ((AC (g,x;A))-<)H 3 ( 

J(X)<H\ JS"- 1 I A I \ 



Co(C/*) 



|det(M)p5 C Q {q,x;A)»- 1 dqdx 



-2n\ | |det(M)rHo(C/^;A)™ _1 d<;dx, 

J(x)<xA JS"- 1 

with M evaluated in C = Cg- We say that 

f d (Y;A- 1 )dY = 2n f f dgdx + 0(A max{ --'"--'- 1] ) 

= 2nd + 0(A max{ -™'"-" A -» +°o. 

To confirm this, first note that Cq(Y; A) — > Qo(Y), A — > +oo, for any (Y; A) belonging 
to the support of the integrand, see the Appendix. Moreover, the integrand is 
uniformly bounded by the summable function (x) m , and its support is included 
in the set S. Then, recalling (4.14) and setting H = \C* det(M)\~i, 

R= f f \det(M)\~ i C (r}A)^ 1 dY- f f Co(Y)™ -1 dY 

J(x)<xA JS"- 1 JR" JS"- 1 

= f f Co ThCQ*- 1 - cj -1 l dcdx - f f Qd Q dx. 

J(x)<xA JS"- 1 J(x)>xA JS"- 1 

The second integral is always 0(A"~™ ), since <;) ~ (x) implies 

(xA)""» 



J(x)>xA JS"- 1 JxA — 



+ C\T> 

A — » +oo. 



n 

m 



The first integral can be estimated as follows. Since 



C* - Co = CoS-^MAQ") = CoO((AC )--), 
by the properties of Q (see the Appendix) we find 

U) m - 1 = (1 + 0((A£5r*)) £_1 - 1 = 0((AQ-*)) = 0«x)"A-s), 



9 Remember that i/>(0) = 1 and a(0, x, = 1, for all z, f e R" . For £ = £* (Y; A), the factors H a , H 2/ and 
H3 are identically equal to 1, see the Appendix. 
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since S _1 '°(x, (AQ)™ ) « 1. By (4.14), we similarly have H = l + 0«x)-/\"™) / sothat 
Ri= f f Co TSCQS- 1 - Cf _1 1 dgdac 

J<X><xA JS"- 1 

J<x><xA JS"- 1 



Co, 



dqdx 



< A » I (x) m dx. 

J<;e><xA 

1 n — 1 

If « > <=> n — 1 < 6 N, 7W 6 (0, 1), the integral in Ri is convergent 

1 - 771 777 

for A — > +oo and Ri = 0(/\~"<). In this case, Ri contributes an 0(A~~ 1 ~»>) term to 
the expansion of /2(A), which is of lower order than the 0(A™~ 2 ) term, which is one 

1 

of the remainders appearing in (4.7). On the other hand, if 77 < , the integral 

in R\ is divergent, and Ri itself is 0(A"~™ ), since, trivially 10 

A~™ I -dr I -dr 



fX-A r n-l r-X-A r n-l 
" — ^ — 1 

Jo (l + r 2 ) 1 ^" Jo (l + r 2 )^ x r 

lim : = lim 



n-1 



A->+°o A"~™ A->+oo A""^ 77-1 



111 



Finally, if n = , Ri is 0(A"s In A), by 

/-»xA _J 1 

f -^dr 

Jo (1 + r 2 ) 2 ( 1 -") 
lim , — = 1, 

a->+«j In A 

and again contributes a term of lower order than the remainder 0(A™~ 2 ). Similar 
conclusions can be obtained for the subsequent terms of the expansion of /2(A). 
The proof is complete, combining the contributions of the remainders like R with 
the other terms in the expansion of /2(A), and remembering that 

-, n_ +00 

h ^ = ^T^hW + OQAD = ^ V (dyA-H + O(A"^- 1 "0) + 0(\AD. 
m (In)" m 

v ' j=o 

□ 

Remark 4.13. The same conclusions concerning the behaviour ofR\ in the final step of 
the proof of Proposition 4.7 coidd have been obtained studying the Taylor expansion of the 
extension o/Q(Y; t" 1 ), t = A" 1 , to the interval [0, A~ l ] T , similarly to [18]. 



Proof of Theorem 1.1. The statement for p > m follows by the arguments in Section 3 
and Propositions 4.2, 4.4, 4.7, summing up the contribution of the local symbol on 
the exit chart to the contributions of the remaining local symbols, which gives the 

desired multiple of the integral of q . m on the cosphere bundle as coefficient of the 

leading term A". The remainder has then order equal to the maximum between 

71 

1 and 77, as claimed. The proof for p < m is the same, by exchanging step by 

step the role of x and £,. fj 

^We observe that the multiplicative constants appearing in the terms 0(A" _1 ) in the expansions of 
l\ ( A) and I2W can be estimated by products of expressions in A, C, k\,t, times the same power x"~ . 
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Appendix 

For the sake of completeness, here we illustrate some details of the proof of 
Theorem 1.1, which we skipped in the previous Sections. They concern, in par- 
ticular, formula (3.7), which expresses the relation between ^ \p(A — rjj) and the 

oscillatory integrals examined in Section 4. We mainly focus on the aspects which 
are specific for the manifolds with ends. We also show more precisely how the 
constants k\, k%, A are involved in the solution of equation (4.12) via the Fixed Point 
Theorem, completing the proof of Proposition 4.10. 

A.l. Solution of Cauchy problems and SG Fourier Integral Operators. 

Using the so-called "geometric optics method", specialised to che pseudodifferen- 
tial calculus we use (see [7, 8, 9, 10, 11] and [29]), the Cauchy Problem (3.3) can 
be solved modulo S(M) by means of an operator family V(t), defined for t in a 
suitable interval (-T, T), T > 0: V(t) induces continuous maps 

V : S(M) -> C°°((-T,T),S(M)), 

V : S'(M) -> C°°((-T,T),S'(M)) 

and 

(A.l) (D, - Q) o V =: R e C°°((-T, T), L-° '-°°(M)), 

(A.2) Vu ]t =o — u, Vw£ S'(M). 

First of all, we recall that the partition of unity {6^} and the family of functions \Xk) 
of Definition 2.7 can be chosen so that (6k), and (xk)* are SG-symbols of order (0, 0) 
on Uk, extendable to symbols of the same class defined on R" (see [31]). 

Remark A.14. (1) The complete symbol ofQ depends, in general, on the choice of the 
admissible atlas, of {6k} and of{xk\- Anyway, if{qk) is another complete symbol of 
Q, K(x)(qk(x, £) - qk{x, £,)) e S((pk{Qk H O.k))for an admissible cut-off function k 

supported in <pk{&k n Q)t)- 
(2) The solution of (3.3) in the SG-classical case and the properties ofcpk and a^ in 
(3.5) were investigated in [10] (see also [29], Section 4). In particular, it turns out 
that cp k e C 00 ((-r /c ,T, c ),S^ 1 ), T k > 0. According to [8], page 101, for every SG 
phase functions cp of the type involved in the definition ofV(t) we also have, for all 
x e R": 



\Vw(t;x,Q-x\ = \Vs(p(t;x,Z)-Vs(p(0;x,Q\ = 



( V,j(p(f;x, 
Jo 



E)dt 



f 

Jo 



Vi(q(x,d x (p(t;x,E,)))dt 



< Qt\(x), 



with a constant C > not depending on t,x,£,. Thefunction<& t ,z( x ) '■- ^£,<p(i,^,€) 
turns out to be a (SG-)diffeomorphism, smoothly depending on the parameters t 
and £, (see [7]). 

Before proving Theorem 3.4, we state a technical Lemma, whose proof is imme- 
diate and henceforth omitted. 



Lemma 



A.15. Let U c M" be an open set and define U/, := \^j~B(x,d{x)) for arbitrary 



xeU 



5 > 0. Assume 6,x £ C°°(R") such that supp0 c U±, suppx c U& and x\u 5 - L 
Then, for any dijfeomorphism O t< ,c, smoothly depending onte (-T, T), £ e R", and such 
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that Vf, x, £, |®f,f(;c) — x\< C\t\(x) with a constant C > independent oft, x, £, 

\t\<-^^(l- X (x))(d a 9)(® u (x)) = 
for any midtiindex a and x, £ e R". 

We remark that, since a manifold with ends is, in particular, a SG-manifold, the 
charts (Q,t, ip k ) and the functions {9 k }, {Xk\, can be chosen such that 11 

• for a fixed 6 > 0, each coordinate open set 14 = ip k (Cl k ), k = 1,...,N, 
contains an open subset W k such that B(x, 5(x)) c U k ; 

xeW k 

• the supports of 9 k and Xk,k = 1,...,N, satisfies hypotheses as the supports 
of 6 and x m Lemma A. 15 (see, e.g., Section 3 of [31] for the construction 
of functions with the required properties). 

Proof of Theorem 3.4. We will write R = S when R-Se It 00 -°°(M) and Xk < 
when the functions XJt/Xic are smooth, non-negative, supported in Cl k , satisfy 
Xk Xk = Xk and (xk)*, (Xk)» are SG-symbols of order (0, 0) on U k = ip k (Cl k ). Obviously, 
R e L- 00 '-°°(M) implies R V e C°°((-T, r),L-°°'- 00 (M)). To simplify notation, in the 
computations below we will not distinguish between the functions Xk, 9k, etc., and 
their local representations. 

V(t) obviously satisfies (A. 2). To prove (A.l), choose functions Ck, v k supported 

N 

in Q k such that 9k < Q t < Xk < v k- Then Q = ^ 9kQkXk and, for all k = 1,. . .,N, 

k=\ 

QXk = VkQkXk (see [6], Section 4.4; cfr. also [23]), so that 



QV(t) = Y u QXkVk{t)9 k = Y u v k Q kX kVk{t)9 k 

k=\ k=l 

N 

= £ (v k IQk, Xk] V k (t) 9 k + Xk Qk 14(f) 9 k ) 

k=\ 

(A.3) s Jj- V * [Qfc'ATjJ Cfc n(0 ft + * [Q k ,Xk\ (1 - CO V k (t) 9 k ) + D t V(t) = D t V(t). 



k=\ 



That the first term in the sum (A.3) is smoothing comes from the SG symbolic 
calculus in R" and the observations above, since sym ([Q kf Xk] Qk) ~ 0. The same 
property holds for each k in the second term, provided t e lj k , T k > small enough. 
In fact, by Theorems 7 and 8 of [7], (1 — C, k ) V k (t) 9 k is a SG FIO with the same phase 
function <p k and amplitude iv k such that 

, n y (l-Qk(x))(d a 9 k )(V m (t;Z r x)) ^ 

a 

with suitable SG-symbols b; a defined in terms of cp k and a k . By Remark A. 14 and 
Lemma A. 15, w k ~ for |f| small enough. The proof that V(t) satisfies (A.l) is 
completed once we set T = minjTi, . . . , Tjv}. The last part of the Theorem can be 
proved as in [14], Proposition 12.3, since, setting W(f) := U(—t) V(t), it is easy to see 
D f W(f) = 0, so that W(0) = J ^> W(f) = I V(t) = U{t), with smooth dependence 
on t, as claimed, q 



^Actually, this is relevant only for k = N. 



ON THE SPECTRAL ASYMPTOTICS OF OPERATORS ON MANIFOLDS WITH ENDS 26 

A.2. Trace formula and asymptotics for A e EL'^(M). 
Proof of Lemma 3.3. Consider first the finite sum 

/ 

k j(x,y) = Yj ^(-ilk)ek(x)e k (y) 

and reduce to the local situation (cfr. Schrohe [ J ]), via the SG-compatible partition 
of unity [d\] subordinate to the atlas J{, by 

N / N 

H x > V) = X 2j "K -7 ?*) ( e r e k)( x ) ( e k6 s )(y) = k r l(x, y). 

r,s=l j=l r,s=\ 

Then, by e S(M) and the fact that (8 r ) t = 8 r o \p~ x is supported and at most 
of polynomial growth in U r , it turns out that we can extend (0 r £/ c )» and (6 s e^) f to 
elements of <S(1R"). By an argument similar to the proof of Proposition 1.10.11 in 
[16] (or by direct estimates of the involved seminorms, as in [14]), (k™), — > (fc rs )» 

in S(W x W) when / -> +oo, with (k'% kernel of (0 r ?(-Q) Os)*- This proves 

N N 

that ip(-Q) = ^ 6 r ip(-Q) 6 S is an operator with kernel i<C^(x, y) = ^ k rs (x,y) e 

r,s=l r,s=l 

vS(MxM). □ 

The proof of Theorem 3.6 is essentially the one in [14], while the proof of Lemma 
A. 16 comes from [16]: we include both of them here for convenience of the reader. 

Proof of Theorem 3.6. Setting G(A) = f ^(r)dz and integrating (3.8) in (-oo, A), we 

kJ -co 

obtain 

f f#r - n)dN Q { n )dx = [If £( T - r/Jdx) rfJV Q ( f] ) 

*y — co »y *y \ il/ -co / 



(A.4) = J G(A - r[)dNQ(rj) = 



d A«+O(A n ") for A ^+oo 
0(|A|-°°) for A -> -oo. 



Now, observe that 



G(A - T ] )dN Q ( )J ) = £ G(A - fy) = £ i/;(x)dT = £ H(A ~ ^ " T ^ dT ' 

7=1 j=l ;=1 J 

where H(t) is the Heaviside function. Bringing the series under the integral sign, 
we can write 

(A - 5) 

J G(A - T])dN Q (r,) = H(A - rjj - x)^{x)d% = J N Q (A - T)^(x)dT 

= N Q (A) J ^T(T)dT + J [N Q (A - t) - N Q (A)]#r)dT = 2tiN q (A) + R(A), 

since f* ip(x)dx = 2mp(0) = In. In view of the monotonicity of N and next Lemma 
A.16 (cfr. Lemma 4.2.8 of [16]), for A > 1 



\N Q (A - t) - N Q (A)\ < Nq(A + |t|) - N Q (A - |t|) = f dN Q (i]) 

Ja-m 

= [ dN Q (i 1 )<C(l + |x|)£(l + |A|)^- 1 <C(1 + |t|)^A 

^|A-n|<|T| 
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We can then conclude that R(A) = 0(A»< 1 ), A > 1, since ip e S, and this, together 
with (A.4) and (A.5), completes the proof. □ 

Lemma A.16. Under the hypotheses of Theorem 3.6, there exists a constant C > such 
that for any K>0 and any AeK 



f dN Q (r,)<C(l + K)%(l + \\\)^ 

J\A-n\<K 



i\A-n\<K 

Proof. Let h e (0, t/T(0)) and [-K Q ,K ] such that xjj(t) > h for all t e [-Kq,K ]. Then, 
trivially, 



X 



lA-rjlKKo 



dNQ^tih- 1 4>(A - 7j)dN Q (7j). 



Let us now prove that 



i/>(A - T])dNQ(ri) < Q(l + |A|)» 



Indeed, this is clear for A > C > OandA < -C, C suitably large, in view of hypothesis 
(iii). For A e [-C, C], choose a constant Ci so large that max I ip(A — ri)dNn(i]) < 

Ae[-C,C] J 

Ci(l + C)» _1 . This shows that, for all A e R, 



(A.6) 



I 



A-r;|<K„ 



dN Q (f?) < C 2 (l + |A|)" 



For arbitrary K > there exists / e N such that (Z - 1)X < X < ZiC - We write 
f dN Q (r])< f dN Q (r]) = y f dN Q ft) 

J|A-r;l<K J|A-jiI<ZKo " JiKo<|A-rj|<(;+l)Ko 

1-1 

7=0 L 

By (A.6), the last sum can be estimated by 



1-1 

2C 2 £ 

7=0 



+ \)KoY <2C 2 l(l + \A\ + 
( 



< C(l + + lAI)^" 1 , 



-l 



1 + 



1 



1 + 

2 



|A| 



as claimed. □ 



A.3. The solution Q (Y; A) of the equation £ = G(£; Y; A). 

We know that A~ l {x)~ x < Co(c,*) = ^(x,^)" 1 < A(x)" 1 , Y = (g,x) e S Y = S"" 1 x \x e 
W : (x) < kA], and that k\ > 4AC > 2AC > 2. Moreover, k 2 > 1 is chosen so large 
that, in particular, on supp U2 3 supp V 2 , the absolute value of the C-derivative of G 
is less than ko < 1, uniformly with respect to Y e Sy, A > Ao, (X, Y; A) e supp V2- We 
want to show that once k\ is fixed, the choice of such a suitably large k 2 > 1 allows to 



make G a contraction on the compact set I x = A 1 ^1 - ^\ (x) 1 , A ^1 + ^ j <x) 1 
[c~ 1 (x)~ 1 ,c(x>~ 1 ], uniformly with respect to (q,x), A > Ao, provided (x) < xA, 
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X = ( 1 - [A(2k 2 ) m ]~ 1 . This gives the existence and unicity of Q(Y;A) e I x such 

that X* (Y; A) = (0, Cg(Y; A)) is the unique stationary point of F 2 (X; Y; A), with respect 
to X, which belongs to the support of V2(X; Y; A) for (x) < xA. 

First of all, the presence of the factors Hi| - ~ j an d ^((AQ™) in the 

expression of !i 2 imply (AQs > h => <(AQ«> < (1 + fc- 2 )2(AQ» and 



=> [2fc a (l + fc" 2 )f ]- J < (x)C < <X)((A ^ g) '" < 2h 
=> C e [c" 1 ^)" 1 ,^)" 1 ], c = 2fci(fc- 2 + 1)?. 

Since k\ > 4AC > 2AC, clearly I x C [c~ l {x)~ l , c{x)~ l \. With an arbitrarily chosen 

e e (o,-j, take fc 2 > max{B,l} such that AC > fcj implies |S -1 '°(x, (AQ^)I < | and 

|CoC~ 1 S- 1 '°(*, (AC)™ )l < h < 1, which is possible, in view of (1.1) and of the fact 
that CoC -1 is bounded on suppV 2 . Fix A > Ao > 2fci(2/c 2 )"' and (x) < xA. Then, on 
suppV 2 , 

C 6 / v => AC > (l - |) 1 A(2fc 2 )'"<x> A" 1 (l - |) (x)" 1 = (2fc 2 ) ffl > fc£ 



=> G(C; Y; A) = Co(l + S- lfi (x,(AQ*)) e 
»G(. ; y;A):WI, 



= 1, 



Since |d £ G(C; Y; A)| = |CoC _1 S -1 - (AC) ™ )l < *b < 1, for all C G I*, <x> < xA, we have 
proved that for any choice of Y e Sy, A > Ao as above, G(.; Y; A) has a unique fixed 
point in Cq = Cq(^; A) 6 I x , solution of C = G(C; Y; A). 

By well-known corollaries of the Fixed Point Theorem for strict contractions on 
compact subsets of metric spaces, we of course have that Cp depends smoothly on 

Y and A. Moreover, since £* e h for all Y e Sy, A > Ao, obviously Cq ~ and 



C (Y;A) = Co(l + S~ ' (x, (ACo(Y;A))») -» Co(e,*), A -» +oo, 
pointwise for any (g, x). Moreover, by the choices of k\, k 2 and e, 



<x><(AC (e,x;A))^>" 



<x><(AC (e,x;A))^>" 



<*>« 



+ «*>C )» 



>A-'l 



xi + [A 1 + 



Of 



= A 



|) = A-i(2fc 2 )- 



+ 1 + 



<*i, 



<x> < xA o AA- 1 (l - ^(xy 1 > (2k 2 ) m => AQ(<;,x;A) e [(2fe) m , +«>). 
These imply, for any c 6 S"" 1 , x e R™, A > Aq such that (x) < xA, 



r 



Hi 



<x)((AC Q (g,x;A))^)"' N 
A 



= 1 and l-H 2 ((AC( C/ x;A))=) = l. 
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Of course, by the choice of H3, for Y e Sy, A > Ao, 

"C*(c,x;A) 



C, 6 I* => H 3 



Co(c^) 



= 1. 
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